
 

We start w a sufficientcondition forafamilyofmetric
to be uniformlyequivalent

Lemma Let M be a closedmanifold For O t T a let

g t be a 1parameterfamilyofmetrics on M If aconstant
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Moreover as t T g t convergeuniformly toa continuousmetric
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as 1A UU AIforany 2 tensorAand
U unit vector

weget the uniformboundsbyexponentiation

ginit genit go atgenitily 0 as t T

uniformly onM asM is compactandthe convergence happens xeM

if we define the function f TM IR by
finir 41,9me Vir

there this functionexists and is continuous Bypolarizing theequation
we definethe 2,0 tensor g n p

onM w
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By the boundsabove wegetthat

e genio fair ecg no vis g n t is pos

definite and a continuous Riemmetric

111
e if g t aRF satisfyuniformcurvatureboundon a finitetimeintervaltheir
all the metrics be the family are uniformlyequivalent
Core if a sol g t ofthe RF satisfies Re K for some contem

K on O T there

e 2k7g mio ginit e g mio
and have themetrics are allequivalent

The main result whichwe want to prove in this lecture is that

the curvature mustexplode as we approachthe singulartimeT

Malieteorems If go is a smoothmetric on closedMMthere the RF

g t w g o go has a uniqueson on amaximal time

interval O T w T a If TLA there
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The ideaoftheproofis by contradiction If IRminit K forsome
K then we'llprovethat g t mT J T w g T a metric and

there we can havea sol past T thuscontradicting themaximality

of T

wehave
already seenabove that g T is a continuousmetric We'll

nowtry toprove that it is actuallysmooth Onewayto showthis is to
guarantee that the spatialderivativesofg near T are bounded

notice that the derivative estimates are completely useless at 7 0 as

we can't expectanybounds on IT Rml from
a bound on IRMI It's

onlyafterwe flowthemetricby theRF that the Rm's arebrought

undercontrol

for the purposes of showingsmoothnessof g T we work near

t T we can getderivativeestimates by considering our RF as

starting at some time shortly before T
wehave

Come Let Mgh be a RF If β K 70 sit
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m IN a constant Bm Bm min min p 1 a

t.ITMRminiH1ginit EBmk1thE 1 19 T

Proof Let β min p.IE Let toe 11 TJ Weconsiderthe
RF starting at time To to

11 Applying the derivative

estimatesto this RF w P 17mRm 121am

w Cm Cm min min 0,14 at Z to we getto To 11
1TMRW Iffy Gink

Lemma Let Might be a RF and let ai 1 2 n be a

local coordinatesystem defined on some coordinatechart UCM

If K O sit

Rm ki t
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there FMF IN constants Cm Cm depending only on the
chosen coordinatechart ns.t
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and 12mRemit Ch f ait UX O T

where the norms are taken w r t the Euclideanmetric in ri

we are doing computations in a coordinatechartb c we'll use the

compactnessofM later to havean opensubcoverand thenuse the

uniformderivatives in eachchart

note that 2mgmeans the expression 2 TimGpq in U

moreover will be treated as the coordinates of thetensor T
where canbetaken as the difference of T and T

Sud

ME IN a uniformupperbound on FMRI on B k T
There is also an upper boundon 14MRcl on O β KI as the intervalis

compact FDI Fnem te 01T Dm Dmm g t
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We prove theaboveclaimbyinduction on m

M 0 for 2 and 3 reads as Rc Bo 1g Co which are

true b c of IRM K andthe uniformequivalenieofthemetrics

respectively M 1 for 1 readsas IF P which is true b c

Str g are 12 M C r C T 0 Ao

Assume that 1 2 and 3 are satisfied m p 1 and weprove

the estimatesfor m p we start w 1

note that 12 r C at t o as M is compact
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the terms w derivatives on g have order p 1 us have

bounds on them by the induction hypothesis What aboutthe otherterms

Recall that for i p 1

2 Tre T Rcto air 2 Re
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forany
tensor S IS 25 S andthenyou reiterate e g

25 TS astros A Ost r s r as pas

0 S or s 1 25 parts and so on

Rc is bounded bytheboxedegnabove and

j i 1 p 2 K is p 1 by induction wehave boundson

alltheother terms

17 2 r C for some constant C 2 Mis bounded

at 1 0 we can integrate

12 r 1 as a r as as rids Ctec

2 r is also bounded thusproving 1

In a similarway
atRc I'Re

p It Effundedbyinductionhypofm KE p 1 Jantermsexcept at r boundedbybounded
inductionhyp
JP P isboundedasshownabove

12Re Bp thusproving 2



now 12 2g 1 22 Re C by 2 againintegrating

the bound we get 12g Cp

Cos The limitmetric g T is smoothandg t g T uniformly
in every norm as t T

proof want to prove that g T issmooth which is same as proving

that all the derivatives w r t some coordinatesystem exist and

arecontinuous Jake any coordinatechart U of M FromtheRFegn

Gi x T Gij nit 2 Rij nie de Fte O T

foranymultiindex α the previous result tells us that 31 gig and

31 Rig are uniformly bounded on Ux O T we can differentiate

under the integral sign

9 int 31 95 init 2 3ftRig Cues at
t

p 21 Gij
net exists α g T issmooth



moreover

9 ait 3 95 net CLT t

glt g T in any
C norm

now M is compact we can choose a finite setof coordinatecharts

and then take the max ofall thebounds in allof theestimates
1A

Proof them theorems

Assume for a contradiction that IRm a as t T

IRminiti K by the aboveresults g t convergeuniformly
in any

C norm to asmoothmetricg T

g T is C by the shorttimeexistenceof501 to theRF w

g T as the initial condition wegeta RF g t w 910 g T

andexists for 0 Z CE

If we consider
5H 9H Ost T

g t T TE t LTTE
then this is a smooth extension of the original so g t as all spatial



derivatives are continuous at t T Moreover thetimederivativeof
quantities relatedto themetric are also continuous at t Tb c the

time derivative can be written in termsof the spatialderivatives
whichare boundedand continuous

To g AI is a R F w initial condition asglo which can

be extendedpast T their
contradicting the maximalityofT

8 IRmlmustblowup as t T.IE

we alsohave the following con

Cons Suppose MGH is a RF w IRM K at t 0 Their

a constant C Clu s t

Rml 1,1
thuswehave an upperboundonthe
blow up rateof IRMI

moreover a constant b 0 b b k n sit the RF exists

Ze 0 b

Proof The blowup rate followsfromthe max principle and theevolution

of IRMI The existenceof such a b basicallyfollowsfromthe proof

ofthe doubling time estimate


